Models of inflationary cosmology admit a choice of the metric for which geometry becomes flat Minkowski space in the infinite past. In this primordial flat frame all mass scales vanish in the infinite past and quantum scale symmetry is realized. The cosmological evolution is dominantly described by the slow increase of a scalar field which sets the scale of all masses. We construct the primordial flat frame for standard models of inflation as Starobinski inflation or chaotic inflation. In particular, we discuss the evolution of inhomogeneous solutions in the neighborhood of the homogeneous isotropic background solution and their relation to the observable primordial fluctuation spectrum. Our observed inhomogeneous Universe can be extrapolated back to the infinite past in physical time. There is no physical big-bang singularity -the latter reflects only a singular choice of "field coordinates".
I. Introduction
Zu Anfang war die Welt oed und leer und waehrte ewig -in the beginning the Universe was empty and lasted since ever. What sounds like a fairy tale is actually a description of the physical properties of many standard inflationary cosmologies [1] [2] [3] [4] [5] [6] [7] . In these models the hot big bang is preceded by an inflationary epoch during which almost no particles were present. Particles, radiation and entropy have been created during a heating period after the end of inflation. During inflation, the state of the universe was almost a vacuum. Vacuum is not nothing, however. It is characterized by the expectation values of fields, typically the metric and a scalar field, as well as by the average of the fluctuations of these fields. Propagating fermionic particles are extremely rare during this epoch. All propagating particles behave like photons, traveling with the speed of light. A vacuum with these properties may be called a "lightlike vacuum".
The physical properties of the early stages of our Universe do not depend on the choice of fields used to describe them. This "field relativity" [8, 9] can be used to employ a choice of metric for which the physical properties are particularly apparent. In this "primordial flat frame" [9, 10] the geometry of the beginning epoch is flat Minkowski space. All masses, both particle masses and the effective dynamical Planck mass, are proportional to a scalar field χ. In the primordial flat frame the evolution of early cosmology is dominantly described by a slow increase of χ. Somewhat analogously, a beginning with Minkowski space has also been advocated in "genesis" models based on higher derivative theories [11] [12] [13] [14] . We consider here standard inflationary models, however.
The primordial flat frame and the standard description of inflationary cosmology in the Einstein frame are related by a Weyl scaling [15, 56] , which is a χ-dependent conformal transformation of the metric. Weyl scalings relating different pictures of inflation have been employed since a long time [16, 17] . While the status of field transformations of the classical action is more complex due to Jacobians in the functional integral, the issue becomes very simple on the level of the quantum effective action. Since observables are computed from functional derivatives of the quantum effective action, a change of fields is a simple change of variables in differential equations. All choices of "field coordinates" are equivalent if the mapping between different choices of fields is invertible. This point of view has been taken in ref. [18] and should settle a long debate, for a review see ref. [19] . The detailed mapping of many quantities relevant for cosmology has been established [20] [21] [22] [23] [24] [25] [26] . This includes the primordial cosmic fluctuations [27, 28] , or different time variables [29] -both particularly relevant for the present work. Observable quantities can be formulated in terms of dimensionless invariants which take the same value in all conformally related frames [18, 23, 27, [29] [30] [31] [32] .
In the present paper we construct explicitly the primordial flat frame for many models of inflation. This includes Starobinski inflation [1] or chaotic inflation [6] , as well as large families of neighboring inflationary models. We emphasize the appearance of quantum scale symmetry in the infinite past. For a large family of scaling solutions in quantum gravity the primordial flat frame is computed explicitly. The map between the standard Einstein frame and the primordial flat frame proves very helpful for a focus on quantities that are, in principle, observable. Such "observable quantities" reflect the physical properties, in distinction to dimensionful quantities as the curvature scalar or the squared Weyl tensor whose possible singularities are artifacts of a singular choice of field coordinates.
A particular emphasis of the present paper concerns inhomogeneous cosmologies. We formulate the evolution of small fluctuations around a homogeneous isotropic background cosmology in a frame-invariant way [27] . The mode functions appearing in this problem are the same as the ones appearing in the propagator for physical graviton and scalar modes, and therefore in the primordial fluctuation spectrum. This allows us to relate the fate of inhomogeneous cosmological solutions in the past to the evolution of the primordial cosmic fluctuation power spectrum. A propagator which remains finite for all times including the infinite past implies the presence of regular inhomogeneous solutions. The propagator is accessed particularly simply in the primordial flat frame since geometry is Minkowski space. We argue that the inhomogeneous solutions respon-sible for the observable primordial fluctuation spectrum are regular for all times. Our observed inhomogeneous Universe can be extrapolated backwards to the infinite past without encountering a singularity.
The absence of a physical singularity is most easily seen in the primordial flat frame where all quantities remain explicitly finite arbitrarily far in the past. Focusing on physical properties, this can also be seen in the Einstein frame. The apparent big bang singularity in the Einstein frame is a field singularity that originates from a singular choice of field coordinates. Furthermore, the Planck mass is no intrinsic scale, it is introduced only by a specific choice of the metric field.
In sect. II we present an effective action for the metric and a scalar field that contains no more than two derivatives and has no problems of stability. The solution of the cosmic field equations derived by variation of this effective action exhibit the geometry of flat Minkowski space in the infinite past. We will later argue that this effective action corresponds to Starobinski inflation in the Einstein frame. In sect. III we construct the general map between the Einstein frame and the primordial flat frame. Sect. IV discusses the primordial flat frame for chaotic inflation and Starobinski inflation. In sect. V we turn to the inhomogeneous Universe. Sect. VI discusses quantum scale symmetry and the scaling solutions in the functional renormalization flow of quantum gravity. We construct the primordial flat frame for these scaling solutions. Sect. VII discusses the physical properties of the beginning epoch in the Einstein frame. In particular, we show that the effective masses of particles go to zero, and that physical time is infinite, as one extrapolates back to the past. Sect. VIII summarizes our conclusions. Various technical parts are deployed in five appendices. Some of the key ideas of this work are summarized in ref. [33] , and the present work provides for many of the practical computations underlying ref. [33] .
II. Beginning with flat spacetime
In this section we present a model which leads to cosmological solutions for which the beginning of the Universe is flat Minkowski space in the infinite past. It does not show any singular behavior. We will later show that this model is equivalent to Starobinski inflation. The exact equivalence will be given by a conformal field transformation of the metric or Weyl scaling in sects. III, IV.
We start with the effective action for variable gravity [10] ,
and consider a particular model given by
where x = 1 ln µ 2 χ 2 + c t .
(3)
This model is stable despite a negative kinetic term for the scalar field χ. Indeed, for variable gravity, with dynamical Planck mass given by the field χ, the stability condition is B ≥ 0, λ ≥ 0. We will be interested in small values of χ where both x and W are small. For χ → 0 the kinetial K = B−6 approaches the conformal value K = −6. Also λ approaches a constant λ 0 and the action becomes invariant under quantum scale transformations. The Planck mass M does not appear as a parameter in the effective action (1), (2). The only scale is µ which is not related to M . The model can be extended to include particle physics, with all particle mass scales given h p χ, and dimensionless couplings taking values h p = m p /M , where m p is the particle mass in the Einstein frame.
Perhaps the particular choice of B and λ seems rather special. We will see later that this choice corresponds precisely to Starobinski inflation. Neighboring models correspond to different models of inflation.
The model (2) admits a solution for t → −∞ for which H,Ḣ and χ all go to zero. The curvature scalar vanishes in the infinite past. More precisely, we find that in the infinite past t → −∞ the scalar field χ approaches zero according to
The scale factor a(t) of a Robertson-Walker metric for homogeneous isotropic cosmology approaches a constantā in this limit
where α(t) is a very slowly varying function. We discuss the field equations derived from the effective action (1) and their solution in detail in the appendix A. There we also specify the function α(t). We can also start with an inhomogeneous Universe in the vicinity of the homogeneous isotropic solution (4),(5). No singularity occurs for increasing time. Such inhomogeneous fluctuations lead to the observed inhomogeneous Universe which can therefore be extrapolated backwards. Starting arbitrarily far in the past the model is predictive for the properties of fluctuations. There are decaying modes which are predicted to be zero at finite t. The nondecaying modes are the primordial scalar and tensor fluctuations of Starobinski inflation. The model is compatible with all present observations. For a demonstration that this type of model is generic we may consider a three-parameter family of models that approach scale symmetry logarithmically for small χ. They are given by an expansion λ = λ 0 (1 +d 1 x +d 2 x 2 + ...)
with arbitrary coefficients λ 0 ,d 1 ,d 2 . We observe that the expansions of B and λ are related. It is this relation that ensures that in the infinite past for t → −∞ Minkowski space is reached, witḣ
and leading behavior of χ(t → −∞) given by eq. (4). Here the coefficient e 2 depends on higher order terms in the expansion (6). For t → −∞ the scale factor approaches again a constant according to eq. (5), in this case with a constant α given by
We discuss the field equations and solutions of this family of models in the appendix B, together with a more general approach to models of variable gravity (1) that approach flat space in the infinite past. In the Einstein frame these models are standard inflationary models. The form of the effective action (1) in the "scaling frame" with dynamical Planck mass given by χ is preserved by a family of field transformations that combine Weyl scalings of the metric and rescaling of scalar fields [9, 18] . These transformations change λ and B. They can be used to bring the relation between λ and B into a form that admits flat space geometry in the infinite past. The existence of such a "primordial flat frame" [9, 10] is generic for a very large class of models. The relation between B and λ in eq. (2) is not a restriction on models. It rather specifies the choice of fields or coordinates in field space.
III. Field relativity
Towards the beginning the ratio between particle mass and momentum goes to zero. All particles become relativistic. This lightlike behavior of all particles towards the beginning of the Universe suggests to use a frame where particle masses are not kept constant, but rather vanish towards the beginning. If the ratio between particles masses and the Planck mass remains constant, the Planck mass M also has to vanish towards the beginning. This can be realized by replacing the Planck mass by a scalar field χ, and all particle masses becoming proportional to χ. This is realized by the effective action (1) of variable gravity. In such a "scaling frame" the beginning with vanishing physical particle masses finds a simple description if χ → 0. We have already seen in eqs. (4), (5) that in the scaling frame the big bang singularity is absent. This demonstrates that the big bang singularity is actually a "field singularity" due to an inappropriate choice of fields, rather than a physical singularity. In some respect it is analogous to the coordinate singularity at the south pole in Mercator projection coordinates, except that we speak now about "coordinates in field space". We will trace the origin of this field singularity by transforming the effective action (1) to the Einstein frame, or vice versa.
Weyl scaling
In the familiar Einstein frame the effective action describing the inflationary epoch involves the metric and a scalar "inflaton" field σ,
with V E the effective scalar potential in the Einstein frame. Performing a Weyl transformation we choose a different metric field
with g E,µν and g µν the metric in the Einstein and scaling frame and χ a scalar field that will be related to σ. Expressed in terms of g µν the action (9) reads, withσ = σ/M ,
where
We assume a monotonic behavior
During inflation the χ-dependence of λ is directly related to the slow roll parameter ε,
The general solutions of the field equations of "variable gravity" based on the action (11) are discussed in ref. [10] . The Weyl scaling of the metric is accompanied by a rescaling of fermion and additional scalar fields as the Higgs doublet. Every mass in the standard model of particle physics is multiplied in the scaling frame by a factor χ/M . If in the Einstein frame the values of running couplings are defined at a renormalization scale given by M , the corresponding renormalization scale in the scaling frame is given by the field χ. As a result, all mass scales as the Fermi scale or the confinement scale of strong interactions are proportional to χ. Only mass ratios are observable. They are frame-independent and do not depend on χ. In the scaling frame one finds the quantum scale invariant standard model [34] [35] [36] . The only violation of quantum scale symmetry is then related to the possible presence of an intrinsic mass scale in the dimensionless functions λ(χ) or K(χ).
Primordial flat frame
So far we have not fixed the relation between σ and χ. At this stage one has a family of frames according to different possible choices for the relation between σ and χ, or the choice of the functionσ(χ). Many models admit a "primordial flat frame" by a choice ofσ(χ) for which
With this choice there are cosmological solutions for which spacetime is flat. For frames obeying the condition (15) the field equations -displayed in appendix A in eqs. (A1)-(A3) -can be solved for a flat Minkowski geometry, wherė
For χ(t) one finds the formal solution
where χ 0 = χ(t 0 ) and (λ/K)(t ′ ) = (λ/K)(χ(t ′ )). If 2λ/K reaches a constant −c 2 for χ → 0, one finds for the asymptotic behavior in the past infinity t → −∞ that χ vanishes according to
The solutions (16) , (17) in the primordial flat frame show no trace of any singularity. All particles become massless in the infinite past as χ(t → −∞) → 0, but massless particles pose no problems in particle physics. The existence of such a frame clearly demonstrates the absence of a physical singularity. The singularity in the Einstein frame is a field singularity induced by the singularity in the field transformation (10) for χ → 0. The metric g µν amounts to "regular field coordinates" for the infinite past, whereas the Einstein metric g E,µν corresponds to "singular field coordinates". The physical properties are easier to understand by using regular field coordinates.
We next want to find the relation betweenσ and χ for which the "flat frame condition" (15) holds. This condition can be written as a differential equation for the function B(χ) or B(σ) namely
Here the minus sign applies if V E decreases with σ and χ increases with σ, while the plus sign accounts for V E increasing with σ and χ decreasing with σ. Indeed, insertion of eq. (13) into eq.(15) yields
and taking a square of the last equation implies eq. (19) . A primordial flat frame exists whenever for a given V E (σ) and associated ε(σ) a solution of eq. (19) with 0 < B(σ) < 6 exists. In particular, for constant ε one has constant B = 2ε ≪ 1, such that K = B − 6 is indeed negative. For small ε one finds the iterative solution
If the solution of eq. (19) does not remain within the allowed interval for B(σ) as χ increases, it is actually sufficient to define χ(σ) such that the condition (15) holds in the limit χ → 0. In this case one finds solutions that approach flat space in the infinite past and are again free of singularities.
The strategy for finding a primordial flat frame for a given model of inflation looks first at a (approximate) solution of eq. (19) for B(σ). Here the particular inflationary model is characterized by the function ε(σ). For a given B(σ) one employs a solution of eq. (13) for establishing the relation betweenσ and χ. Having done this, one obtains λ(χ) and K(χ) by insertingσ(χ). Eq. (11) with F = χ 2 then defines the effective action in the primordial flat frame. The approximation used for the solution of eqs. (20) and (13) determines the precise behavior of the cosmological solutions for the field equations derived from the effective action (11) . For an exact solution of the differential equation (13)(20) flat Minkowski space is an exact solution of the field equations, without any time evolution of geometry. If the approximation becomes exact only in the limit χ → 0, one only can infer that geometry becomes flat space for t → −∞. For precise enough solutions of eqs. (20) , (13) in a region of χ around χ = 0 the geometry will approach a constant scale factor for t → −∞. For a less accurate approximation one may also have a(t → −∞) → 0, with H(t → −∞) = 0, H(t → −∞) = 0.
IV. Inflationary models in the primordial flat frame
It seems likely that the early stages of all single field inflationary models discussed at present can find a formulation in a primordial flat frame. We see no obvious obstruction to an approximate solution of eq. (19) for a giveñ σ-dependence of the slow roll parameter ε(σ). A cosmology similar to the one discussed in sect. II is expected provided that inflation has no explicit beginning by a transition from some other type of cosmology. It is instructive to discuss the variable gravity models in the primordial flat frame for specific inflationary models. As examples we take chaotic inflation [6] and Starobinski inflation [1] . In this section we only display the leading order result for the solution χ(t) for t → −∞ and compare this with the solution in the Einstein frame. Since conformal time η is the same in all frames related by a Weyl scaling, the solutions χ(η) have to be the same in all such frames. A more detailed discussion, including a quantitative computation how geometry deviates from flat space for finite t, will be given in various appendices.
Chaotic inflation
As a simple example we may consider chaotic inflation [6] . In the Einstein frame (9) the model is given by
For this form of ε(σ) the primordial flat frame requires B(σ) to obey the differential equation (σ > 0)
Forσ ≫ 1, as appropriate for the inflationary epoch, the solution reads
We choose here the lowest order relation between σ and χ as
For largeσ this obeys eq. (23). The model that we consider here is therefore given by the effective action (1), with
The Planck mass M is not present in this model. The only intrinsic scale is µ which is unrelated to the Planck mass. A "transplanckian" value σ ≫ M is sometimes considered as problematic. This issue is absent in the primordial flat frame. Largeσ corresponds to small χ/µ. Small field values χ ≪ µ do not seem to be problematic. The notion of "transplanckian" fields is a frame dependent issue not directly related to any obvious problem for observables. The leading order solution for t → −∞ is given by eq. (16) . Thus for χ close to zero the evolution equation (16) for χ becomeṡ
The combination c = −2λ/K approaches for largeσ an increasing value
Correspondingly, χ(t → −∞) reaches zero somewhat faster than ∼ 1/t. Replacing the constant c in eq. (18) by the function c(t) actually becomes a good approximation for t → −∞. Relative corrections are proportional to
This correction vanishes for χ → 0. In flat space conformal time is proportional to cosmic time, η = t/a 0 . In the approximation where a(t) can be taken as a constant a 0 we find the implicit approximate solution for η → −∞,
We next show that the same solution for χ(η) is found in the Einstein frame if we translate the slow roll solution for σ(t) to conformal time and then to χ(η) according to eq. (25) . As it should be, the behavior of χ(η) does not depend on the choice of frame.
For chaotic inflation in the Einstein frame the field equations read (with H E the Hubble parameter in the Einstein frame)σ
In the slow roll approximation for largeσ = σ/M they reduce to
In this approximation the solution reads
Correspondingly, the scale factor obeys,ā 0 = a(t 0 ),
We want to translate this approximate solution to conformal time η. In the limit of largeσ one has |Ḣ E /H 2 E | ≪ 1 and finds
or
As expected, conformal time diverges for a → 0. The physical time elapsed since the big bang singularity at a = 0 becomes infinite also in the Einstein frame, see sect. VIII for a more detailed discussion. We can write eq. (36) in the form
We next translate the solutionσ(η) to χ(η) in order to permit comparison with eq. (30). Using the relation (25) betweenσ and χ eq. (38) yields
With
we obtain the implicit equation
This indeed coincides with eq. (30) if we identify a 0 = a 0 M/χ 0 . The solution (30) reflects only the leading behavior of χ(η) for η → −∞. For corrections to this solution and for a discussion of the associated geometry we present in the appendix C a detailed discussion of the variable gravity model that corresponds to chaotic inflation in the primordial flat frame. Exact Minkowski space obtains in the infinite past only if we employ the primordial flat frame relation betweenσ and χ beyond the leading order (25) . For the approximation (25) it remains a very good approximation, however.
Starobinski inflation
The effective action for Starobinski inflation,
can be cast into the form (9) by introduction of an explicit scalar field, see e.g. [37] . In this case the potential in the Einstein frame reads
One infers
and
The differential equation (19) for the primordial flat frame can be written in the form
where the plus sign applies in our case. For largeσ one has
and therefore
We first consider the leading order solution for largeσ
such that ε vanishes for χ → 0 as
For the asymptotic solution of χ(t) for t → −∞ we compute the combination (??),
With c approaching a constant the solution approaches eq. (18) and χ vanishes in leading order χ ∼ −1/(ct). For Starobinski inflation in the primordial flat frame the leading behavior for the beginning epoch is flat space with χ slowly increasing in conformal time η
Again, the Universe can exist since ever, and all particles become massless in the infinite past for η → −∞
The verification of the asymptotic behavior (54) in the Einstein frame is very simple. Forσ → ∞ the geometry for the Einstein frame becomes de Sitter space with constant
In the slow roll approximation,
the fieldσ diverges for t → −∞ according to
Switching to conformal time,
one obtains
By use of the relation (51) eq. (59) becomes
Withā 0 = a 0 µ M this is indeed eq. (54). For a connection of Starobinski inflation to the model (1),(2) in sect. II we have to solve eq. (46) beyond leading order. An approximate solution is discussed in the appendix D. It indeed yields the variable gravity model (1)(2), for which we discuss the solutions of the field equations in appendix A.
V. Inhomogeneous Universe
Realistic cosmology is not described by a homogeneous and isotropic solution. Inhomogeneities are small in the early Universe and grow later to form the observed structures as galaxies and clusters. For a discussion of realistic cosmologies we therefore consider for some early epoch relevant for the primordial density fluctuations a geometry with small deviations from a homogeneous and isotropic situation,
Here η is conformal time and x are cartesian spatial comoving coordinates. The functions a(η) andχ(η) are the scale factor and the scalar field according to the homogeneous isotropic "background solution". The fluctuations γ µν (η, x) and δ(η, x) are small and we will linearize in these fluctuations. For a linearized treatment we can deal separately with fluctuations that belong to different representations of the rotation group since symmetry forbids their mixing. We will work in momentum space with k the three-dimensional comoving momentum. In the linear approximation fluctuation modes with different k cannot mix due to three-dimensional translation symmetry of the background solution. Again, different k-modes can be treated separately. A general inhomogeneous Universe (61) is finally obtained as a linear superposition of the different modes.
Graviton fluctuations
Let us concentrate on the graviton modes which correspond to traceless transversal fluctuations of the metric
with m, n = 1...3 and
For the graviton fluctuations the components γ m0 , γ 0n and γ 00 vanish and there is no mixing with the scalar fluctuations δ or other fluctuations of the metric. The field equations for the graviton fluctuations are derived from the effective action (1) and read
The contribution ∼ H is the usual Hubble damping, and the term ∼χ/χ arises from the χ-dependence of the effective Planck mass in the action (1). (Dots are derivatives with respect to cosmic time t.) For the derivation of eq. (64) one employs the fact that a(η) andχ(η) are solutions of the field equations. For the background solutions in the primordial flat frame we employ, cf. appendix A,
wherec is a slowly varying function for t → −∞, while h 3 approaches zero. For the example of Starobinski inflation one hasc ≈ c as given by eq. (53). In leading order we can neglect the term involving H and treatc as a constant. This leads to oscillations with a damping proportional tō χ. To a good approximation the solution for the scalar field reads (cf. appendix A)
resulting in
This is the same equation as for the graviton fluctuations in de Sitter space with (almost) constant scalar field wherê
For a given k m , say k m = kδ m3 , we can group the two modes obeying eq. (63) into a complex field γ,
The solution of eq. (68) reads
with mode function
The complex coefficient functions c − (k), c + (k) play the role of free integration constants characterizing the different solutions of the linearized equations. Eq. (70) is the general solution for the Fourier modes γ mn (k), with c ± mn (−k) = (c ± mn (k)) * . In the limit considered herec is independent of u. The reason for our particular normalization of the mode function ∼c will become apparent below.
The general inhomogeneous solutions (70) are damped oscillations. This damping stops for u 2 ≪ 1. In other words, for (η 0 − η) 2 ≪ 1/k 2 the amplitude of the fluctuations is "frozen". This freezing of modes is the analogue of the mode freezing in inflationary cosmology. In the Einstein frame this happens once the wavelength of fluctuations moves outside the horizon. In the primordial flat frame there is no horizon, however, since geometry is Minkowski space. Considerations of causality play no particular role. The freezing of modes occurs now through the particular dynamics of the increase of the scalar field which constitutes the effective Planck mass.
Graviton propagator
We have chosen a normalization of the "mode function" w − k (η) such that for Bunch-Davies type initial conditions the equal time graviton propagator reads [27] 
The graviton propagator obtains by inverting the second functional derivative of the effective action [27, 38, 39] . Its normalization is therefore constrained. From eq. (71) one obtains
It is directly linked to the observable tensor power spectrum,
The tensor power spectrum found in this way will be precisely the same as found in the standard treatment of primordial fluctuations for Starobinski inflation in the Einstein frame. For u 2 → 0 it reads
(76)
Frame invariant evolution equations for fluctuations
The fluctuation problem can be formulated in a frame invariant way [27] . The fluctuations γ mn (k) are the same in all frames. The evolution equation (64) is already written in terms of the frame-invariant quantities
In the scaling frame one has
(For generalizations to ν = 0 see ref. [27] .) The solution (78) is valid in all frames. Both k and η, and therefore u, are invariant under Weyl scalings. For the primordial flat frame has cf. eq. (67),
while in the Einstein frame χ is replaced by the fixed Planck mass M and
The frame invariant expression for the graviton propagator is given by
In the Einstein frame this yields the familiar expression
where H E is evaluated at the time of mode decoupling. With H 2 E ≈ M 2 /(24C) this equals the result (76). For the observable modes one has u 2 ≫ 1 for the early stages before the modes are frozen. (In the Einstein frame this refers to more than 60 e-foldings before the end of inflation.) Following the evolution (70), (71) backwards for increasing η 0 −η, both the amplitude of the inhomogeneous solutions and the graviton propagator increase. Both quantities remain regular for finite η, but diverge for η → −∞.
For the inhomogeneous solutions one may question the validity of the linear approximation since |γ| 2 exceeds one before growing even further. This is not the issue, however.
The correlation function G grav shows the same increase. No linear approximation is used for the inversion of the second functional derivative such that the graviton propagator is non-pertubative in this sense. It only employs a given assumed form of the effective action. There is, indeed, a parallel between the correlation function and the behavior of inhomogeneous solutions. A given correlation function is associated with the possible existence of inhomogeneous solutions for which |γ 2 | is at least of the same order as G grav .
Regular inhomogeneous Universe
What breaks down if we follow a given k-mode towards η → −∞ is easily identified in the primordial flat frame. From eq. (1) it is obvious that the second functional derivative of Γ with respect to the graviton fluctuations is proportional to χ 2 . In turn, the graviton propagator
In a more complete description of the quantum effective action one expects higher order derivative terms as
where C µνρσ is the Weyl tensor and D may be a function of χ and the covariant Laplacian. For constant D the term (83) would contribute to the inverse graviton propagator a piece ∼ Dq 4 with q 2 the invariant squared four-momentum in Minkowski space, and a suitable covariant generalization for other geometries. Even though no constant D is expected -this could induce a ghost-like instability -any smooth function D of the covariant Laplacian would give a modification of the inverse propagator of a similar type, with D replaced by D(q 2 ). As χ → 0 the contribution to the inverse propagator ∼ Dq 4 dominates over the contribution from the action (1) which is ∼ χ 2 q 2 . A graviton propagator G grav ∼ D −1 q −4 for χ → 0 does no longer diverge in this limit. For a given k the space-inhomogeneity of the graviton solutions contributes to q 2 a piece k 2 /a 2 . The term involving D will dominate the graviton propagator provided
With eq. (67) this results in
In the range (85)the increase of G grav with increasing η 0 −η will be stopped and G grav is expected to reach a finite value in the infinite past for η → −∞. The inequality (85) can also be seen in the Einstein frame, realizing that the term Γ D is frame invariant for constant D. For Dk 2 /a 2 E M 2 the second functional derivative Γ
(2) D dominates the inverse graviton propagator. This again yields the second condition (85).
The modification of the field equations due to the additional term Γ D will also be reflected in the behavior of the inhomogeneous solutions for η → −∞. In the linear approximation the relations (70),(73) do not depend on the precise form of the effective action. Only the precise shape of the mode function w − k (η) will be modified since it obeys a modified differential equation. Eq. (71) will change its behavior in the range u 2 (Dc 2 ) −1 . The mode function reaches a finite value for η → −∞ whenever G grav remains finite. The backward extrapolation of the observable graviton inhomogeneities then remains finite in the infinite past.
This discussion leads to an important conclusion: Whenever the graviton propagator remains finite, also the inhomogeneous graviton solutions remain finite. If a finite graviton propagator can be extrapolated backwards to the infinite past, the same holds for corresponding inhomogeneous solutions of the field equations. Strictly speaking, a proof of these statements only holds for solutions that remain within the validity of a linear approximation. Only in this case the evolution of the fluctuations is given by the same modification of the mode function as the one appearing in the evolution of the propagator. It seems likely, however, that the linear approximation is not essential for the argument. A given fluctuation solution could move outside the domain of validity of the linear approximation as it is extrapolated backwards, and perhaps even diverge. It seems rather unlikely, however, that all generic solutions can diverge. This would require that divergent fluctuations produce a finite correlation function that equals the propagator, G grav (η, x, y) ∼ γ(η, x)γ(η, y) c . Except for unnatural cancellations we conclude that there must exist sufficiently many fluctuation solutions -those that dominate the correlation function -which remain finite if the propagator remains finite. A finite propagator for η → −∞, as expected for any realistic extended form of the effective action, implies that the graviton solutions that are responsible for the primordial graviton spectrum remain finite as well.
Our discussion of the graviton fluctuations can be extended to the fluctuations which produce the primordial fluctuations in the scalar sector. Again, a finite propagator in the scalar sector for η → −∞ implies that the scalar fluctuations responsible for the primordial power spectrum remain finite. The observable primordial power spectrum is the same in the Einstein frame and the primordial flat frame. Our overall conclusion is that the fluctuation solutions responsible for the observable primordial fluctuation spectrum can be extrapolated backwards to the infinite past without encountering any singularity. The observed inhomogeneous Universe remains regular for all times from the infinite past to the infinite future. The big bang sin-gularity is an artefact of a choice of fields in the Einstein frame that becomes singular for χ → 0.
Squared Weyl tensor
In the Einstein frame it has often been found that for inhomogeneous or anisotropic cosmologies the squared Weyl tensor diverges as a E goes to zero. From this observation a physical singularity was inferred, arguing with the invariance of the squared Weyl tensor under conformal transformations. This argument is not accurate, however.
The quantity that is invariant under conformal transformations (Weyl scalings) is
The factor √ g, which is often omitted in this type of arguments, plays an important role. We notice that the quantity transforming as a total derivative under general coordinate transformations is also W , rather than C 2 .
Assume now that for some inhomogeneous solution in the primordial flat frame one finds a finite C 2 for η → −∞, and that C 2 remains finite for increasing η. In the primordial flat frame also W remains finite, since √ g = a 4 reaches a constantā 4 for η → −∞. The frame invariance of W implies that W remains finite in all frames related by Weyl scalings, including the Einstein frame. With √ g = a 4 E for the Einstein frame one has
The squared Weyl tensor C 2 E will diverge for a E → 0 for all geometries for which W ∞ = W (η → −∞) differs from zero. Thus a divergence of the squared Weyl tensor is indeed expected for many solutions of the field equations that are not conformally flat. This divergence does not indicate any physical singularity. We have already seen the existence of other choices of fields -the primordial flat frame -for which C 2 remains regular provided W ∞ remains finite. Again, the singularity of inhomogeneous solutions in the Einstein frame is an artifact due to a singular choice of field coordinates.
Arrow of time
Not every arbitrary inhomogeneous Universe can be extrapolated backwards to the infinite past without encountering a singularity. This is related to the presence of decreasing fluctuation modes. We denote the amplitude of such a decreasing mode by ϕ(η, k), that we take real and positive for convenience. Any interval of values at time η 1 , ϕ(η 1 , k) <φ(η 1 , k), is mapped to a smaller interval at η 2 > η 1 , ϕ(η 2 , k) <φ(η 2 , k),φ(η 2 , k) <φ(η 1 , k). Assume now that for η 1 → −∞ arbitrary values of ϕ(η 1 , k) (e.g.φ(η 1 , k) → ∞) are mapped to a finite interval ϕ(η 2 , k) at η 2 . Starting at η 2 and following the evolution backwards to η < η 2 , only the amplitudes in the interval ϕ(η 2 , k) <φ(η 2 , k) can be followed consistently to η → −∞. In contrast, for all values outside the allowed interval, ϕ(η 2 , k) >φ(η 2 , k), the backwards solution has to diverge for some finite η s . The solution becomes singular, and this singularity cannot be removed by field redefinitions.
This type of singularity does not indicate a singular cosmology. It rather indicates a prediction of a certain cosmology, namely ϕ(η 2 , k) <φ(η 2 , k). Universes for which at η 2 the prediction is violated are not allowed. If one tries, nevertheless, to extrapolate the forbidden cosmologies backwards, the singularity at η s reminds us the inconsistency of the "forbidden Universes". The situation is analogous to a damped pendulum. If arbitrary initial conditions lead to a maximal amplitude of 1cm after an hour, the attempt to follow an oscillation with amplitude 5cm backwards will lead to a solution that becomes singular in less than an hour backwards.
We emphasize that this type of "singularity" can only occur for decreasing modes. Decreasing modes typically vanish at finite η 2 if initial conditions with finiteφ(η 1 , k) are set for η 1 → −∞. In contrast, modes with constant or almost constant amplitude can be extrapolated backwards to the infinite past. The "almost constant modes" can decrease for a certain time interval, but they do not vanish at finite η 2 for η 1 → −∞ and finiteφ(η 1 , k). They correspond precisely to the "observable modes" in the primordial fluctuation spectrum. The gauge invariant scalar modes typically contain an almost constant mode as well as decreasing modes. Examples for decreasing scalar modes are discussed in ref. [10] . The almost constant mode is responsible for the scalar part in the primordial fluctuation spectrum.
Setting all decreasing modes to zero at some time η 2 during inflation, the Universe remains inhomogeneous. All types of inhomogeneities that can be accounted for by the almost constant modes are allowed. This type of inhomogeneous Universe can be extrapolated to the infinite past without encountering a singularity, similar to the special case of the graviton fluctuations discussed above. The Universe with vanishing decreasing modes is precisely the observed inhomogeneous Universe. This inhomogeneous Universe can therefore last since the infinite past.
The presence of decreasing modes or damped fluctuations constitutes an arrow of time [10] . While field equations are time reversal invariant, a given homogeneous isotropic solution for the average metric is not. A given non-static cosmology can be viewed as spontaneous breaking of time reversal symmetry. Fluctuations around a given homogeneous isotropic "background solution" define an arrow of time. The positive time direction is the one for which the decreasing modes get smaller. The presence of an arrow of time is a general property of fluctuations around a time dependent cosmological solution. It does not need concepts as increasing entropy, which does not play an important role in the lightlike vacuum at the beginning of the Universe. Later on, after the end of inflation, entropy increases in the positive time direction that is defined by the behavior of fluctuations.
VI. Quantum scale symmetry
The absence of a parameter with dimension of mass or length in the quantum effective action indicates quantum scale symmetry [36] , as characteristic for a fixed point in the renormalization flow of couplings, or more generally, functionals. It is sufficient that there exists one frame where this property is obeyed. Field transformations can introduce a scale, as the Planck mass M , in the transformation to the Einstein frame. Such a scale is then a property of the choice of fields, and not of the physical model. The effective action in frames of the type (1) is scale invariant if B and λ do not involve an intrinsic scale. Interesting "crossover cosmologies" arise if an "UV-fixed point" is realized in the infinite past for χ → 0, while for increasing χ the Universe makes a transition to an "IR-fixed point" in the infinite future for χ → ∞ [9, 40] . This scenario requires that B(χ) and λ(χ) assume constant values for χ → 0.
An UV-fixed point of the renormalization flow corresponds to a scaling solution of the scale dependent effective average action
where k is the renormalization scale and the k-dependent functionsF ,K andŪ are given bȳ
Here we replace χ by a scalar singlet field ψ, ρ = ψ 2 /2. The scaling form of the effective action for fixed dimensionless fieldsρ does not involve any mass scale except the renormalization scale k. Forρ → 0 we expand
We next perform a Weyl scaling to the primordial flat frame, with
(The function w in the Weyl scaling should not be confounded with the functionw(ρ) in the expansion of F . The similarity of the notation is due to historical use.) In leading order one has
and finds for the effective action (1)
Here γ is given by
The derivation of this result can be found in the appendix E. For the behavior χ → 0 we observe that for w 0 > 0, κ 0 > 0 the approach of B to zero and of λ to λ 0 now involves a power (χ/μ) γ . This replaces x(χ) in eq. (3) byρ(χ). We may want to solve the primordial flat frame condition (15) beyond leading order. This amounts to further terms in B and λ involving higher order powers ofρ. We can again perform a systematic expansion similar to the appendix B. Eq. (B3) is replaced, however, by
for which the r.h.s vanishes with a different power. We emphasize that the arbitrary mass scaleμ is only introduced by the definition of χ in eq. (92). It is not a fixed scale of the theory. There is no memory of the renormalization scale k left. Since a scaling solution does not single out a particular scale k this is a natural outcome. The same feature is observed if one transforms to the Einstein frame.
In this case M is introduced by the Weyl transformation, and no memory of k is left either. Scaling solutions for quantum gravity coupled to a scalar field have been computed by functional renormalization. For computations of the overall form of the potential u(ρ) and the curvature coefficientw(ρ) see refs. [41] [42] [43] [44] 55] . Once remaining open points in these computations are clarified, the function κ(ρ) is computed, and the behavior of higher derivative terms is established, such computations could lead to quantum gravity predictions for properties of inflation.
VII. Lightlike vacuum in the Einstein frame
The physical properties of the lightlike vacuum can be seen in a rather direct way in the primordial flat frame. All particle masses vanish in the infinite past since they are proportional to χ and χ goes to zero. The Universe can be extended to the infinite past. Cosmic time t and conformal time η are proportional to each other for Minkowski space, and for both times the regular cosmological solution can be extended to infinite negative values. Physical properties should be independent of the choice of fields used to parameterize them. The physical properties should therefore be the same in the Einstein frame. With a discussion of observable particle masses and physical time in the Einstein frame we will show that this is indeed the case.
Lightlike vacuum
While the property of emptiness of the universe in the inflationary stage is well known, the lightlike behavior of excitations needs a more detailed discussion [29] . We aim here for physical properties that are at least in principle observable by a gedankenexperiment. In a quantum field theory observable quantities should not depend on the choice of fields used to describe them. In more technical terms they should not depend on the "frame" used for the metric field. Observable quantities have to be dimensionless. In our case the relevant dimensionless quantity is the ratio mass over momentum m/p. For m/p → 0 the particle becomes ultrarelativistic and propagates like light -the difference to the propagation of a photon disappears in this limit. In the familiar Einstein frame with fixed particle mass m the universe expands roughly exponentially during the inflationary epoch,
with a(t) the scale factor in the Robertson-Walker metric and t cosmic time. As a consequence the physical momentum of a particle, p = k/a, with k the comoving momentum, decreases exponentially,
A slow time dependence of H E does not change the situation.
Consider now at the time t 0 at the end of inflation a superheavy particle with mass m of the order of the Planck mass and a very small momentum, say p(t 0 ) = 10 −10 m. At this time the particle is non-relativistic, m/p = 10 10 , and has a momentum much smaller than the expansion rate of the Universe H E . Looking at a time t sixty e-folds before the end of inflation, one finds already a rather small ratio (m/p) ≈ e −60 10 10 ≈ 10 −16 , and the particle is ultrarelativistic. Going back further the ratio further decreases rapidly. For nucleons with the same momentum the ratio is a factor 10 −18 smaller at any time. We can repeat the argument by placing t i at some arbitrary moment during inflation. If inflation lasts long enough before t i the particle will again be ultrarelativistic at sufficiently early t.
In particular, if the inflationary epoch has no "beginning event" at somet, any nonzero momentum p(t i ) will diverge as t goes to minus infinity. A more detailed discussion would consider the evolution of momentum distributions, but the sense in which we speak about a "lightlike" vacuum should already be clear: towards the beginning particles propagate similar to photons. (There is always a tail of extremely small momenta p(t i ) for which (m/p)(t) remains larger than one at any given finite t. See ref. [29] for a discussion of different limits.) We will focus here on inflationary scenarios without a "beginning event" and discuss alternatives at the end of this note. Towards the "beginning" t → −∞ all particles then become massless in physical terms, justifying the notion of a lightlike vacuum. Massless particles are an indication of the possibility of unbroken scale symmetry.
Physical time
The statement that the beginning epoch of the Universe can last since ever may encounter more doubts. In the Einstein frame one observes that a vanishing scale factor is reached for infinite negative cosmic time in one class of inflationary models comprising, for example, Starobinski inflation. In another class a vanishing scale factor may be reached at finite t. It has been argued that the limit a → 0 corresponds to a singularity [45, 46] . Under rather general conditions it has been shown that a → 0 is necessarily reached at a finite proper time [47, 48] . This "geodesic incompleteness" has given rise to the opinion that in standard inflationary cosmology the Universe starts with a singularity and that the inflationary epoch only lasts for an extremely short physical time, say 10 −40 seconds. Many alternative beginnings have been proposed that aim to avoid this "initial singularity".
We argue here that in standard models of inflation there is no physical initial singularity and physical time t ph extends to the infinite past, t ph → −∞. We want to show here how infinite physical time is found in the familiar Einstein frame with fixed particle masses. We note that proper time is useful for many purposes, but it is not a reasonable physical time when we consider the Universe towards its "beginning". As is well known, proper time cannot be used for massless particles, and we have just seen that all particles become effectively massless for t → −∞. Furthermore, proper time is not a frame invariant quantity but rather depends on the specific choice of a metric field. A detailed discussion [29] reveals that proper time is indeed inappropriate for the limit a → 0.
We propose to define physical time by some type of counting the number of oscillations. This is close to what is done for the present time definition by counting the number of oscillations for a given transition in an atomic clock. There will be no atomic clocks in the inflationary epoch, but wave functions of particles, mode functions or propagators still show oscillatory behavior. We may use the number of oscillations of the wave function for photons for a given comoving momentum k. Equivalently, one could use gravitational waves or the wave functions for gravitons.
Expressed in conformal time η the wave functions of massless particles in an isotropic homogeneous Universe obeys the evolution equation
Here the complex functions ϕ k (η) are Fourier modes, corresponding to eigenstates of comoving momentum k, H = ∂ t a/a, H = Ha = ∂ η ln(a), adη = dt. We factor out the Hubble damping,
with R the curvature scalar. In the beginning of inflation one has |a 2 R| ≪ k 2 for any k. Then the number of oscillations n k is proportional to conformal time
We define a dimensionless physical time by the number of oscillations n k that a photon wave function undergoes starting from some reference point. If we choose the end of inflation as a reference point, physical time is negative during inflation. Different modes k define different clocks. The corresponding physical time defined by the counting of different clocks is directly related by its proportionality to k. As done for atomic clocks, one selects a "reference clock" by some reference comoving wavelength ∼ k −1 and gauges the other clocks correspondingly.
Due to the simple relation (102) we propose to use conformal time η as a good proxy for physical time. It is directly proportional to physical time for all geometries for which R can be neglected as compared to the squared inverse wavelength or squared physical momentum q 2 = k 2 /a 2 . Conformal time introduces units of time ∼ k −1 . It guarantees the "gauging of clocks" with different wavelength. As an important aspect for our discussion, conformal time is invariant under Weyl scalings of the metric. It is the same in all frames related by conformal transformations.
Physical "oscillation time" is precisely the same in all frames. The counting of oscillations is discrete and therefore independent of the choice of fields. It is not affected by coordinate transformations. The universality of conformal time is more restricted. Its equivalence with oscillation time holds for homogeneous isotropic cosmologies if the curvature scalar is negligible and if the particles are massless. For our purpose this is sufficient and we will use conformal time as a definition for physical time here. Measured in oscillation time the time distance to the "big bang singularity" at "a = 0" is infinite. The clocks tick an infinite number of time. For inflationary models without a beginning event the Universe is eternal, it has existed forever in physical time. In the Einstein frame the cosmic time interval ∆t between two ticks gets shorter and shorter as one approaches a → 0, whereas in the primordial flat frame ∆t goes to a constant. The number of ticks is the same. Both conformal time and physical oscillation time can be extrapolated backwards to the infinite past η → −∞. With conformal time being the same in both frames, it is the mapping to cosmic time t(η) that depends on the frame. While in the primordial flat frame the ratio of intervals between two ticks,
is given by the constantā, it goes to zero in the Einstein frame. This is the reason why in the Einstein frame the cosmic time elapsed since the "big bang singularity" can be finite, t BB ≈ 13.7 billion years, despite oscillation time and conformal time being infinite. One may also map oscillation time to proper time. Proper time is not useful for the limit a → 0 since all particles become massless. Nevertheless, it can become a useful concept for later stages in the evolution of the Universe. Proper time is not independent of the choice of frames. For its relation to oscillating wave functions for massive particles, see ref. [29] .
Expressed in conformal time the history of the hot big bang Universe and inflation looks less dramatic. Measured in physical (conformal) time the "conformal age" of the Universe since the end of inflation amounts to around 46 billion years. For a cosmological epoch where
with n = 3(4) for matter (radiation) domination, one finds
For some time t in the radiation dominated epoch one has
The difference in conformal time is much larger than the difference t eq −t in cosmic time, being enhanced by the redshift 2z eq ≈ 7000 for matter radiation equality. In physical time the radiation dominated epoch between the end of inflation and matter-radiation equality lasts for 3.3 · 10 8 yr or around one percent of the conformal age of the Universe. The most important qualitative difference between physical time and cosmic time t occurs for the (almost) exponential expansion (98) during inflation. For t i = t 0 the end of inflation and t some time during inflation one has
Physical time diverges for a(t) → 0, and the Universe lasts since ever when time is measured in physical units.
VIII. Discussion
In this paper we discuss the inflationary epoch in the early stages of the evolution of the Universe. We describe standard inflationary models in the primordial flat frame for which geometry approaches Minkowski space as physical time goes to the infinite past. For several models, as Starobinski inflation or chaotic inflation, we construct the primordial flat frame explicitly. In this frame the effective action for the metric and a scalar field features a dynamical Planck mass given by the scalar field and a negative coefficient of the scalar kinetic term. Nevertheless, these models of variable gravity are stable. We solve the field equations explicitly and show that geometry approaches flat space for cosmic time t → −∞.
As a consequence, the Universe can exist since an infinite time in these standard models of inflation. The Universe can be eternal in the past and the future. This does not necessarily imply that our Universe has been forever in this "beginning stage" of inflation. This is one possibility, but other possibilities as a bounce crossing the big bang singularity [49] [50] [51] [52] , or creation by a fluctuation in a finite region of a multiverse [6, 7], remain possible as well. In this case the solutions discussed in this paper may have been approached at a finite time t, while the limit t → −∞ is different. Many aspects of our discussion apply to such scenarios as well.
While a discussion in a different metric frame can always be done, one may ask if such a reformulation is useful. We may list several points for which the formulation in the primordial flat frame leads to new insights.
(1) The homogeneous isotropic solutions in the primordial flat frame show no singularity. They are regular for all t, including the limit t → −∞. The metric, the inverse metric and the scalar field remain finite.
(2) The solutions approach Minkowski space for t → −∞. This makes the interpretation of time rather simple. Conformal time is proportional to cosmic time and both can be continued to infinite values in the past.
(3) The fluctuation problem, based on the propagator and mode functions, becomes particularly simple in flat space. It is sufficient to establish the propagator in Minkowski space, taking into account a time varying scalar field.
(4) The role of higher derivative terms in the effective action becomes comparatively simple. Unless their coefficients diverge they play no role for the homogeneous isotropic solution in the limit t → −∞. The squared Weyl tensor does not modify the homogeneous isotropic field equations, and the squared curvature tensor R 2 becomes subleading for the solutions found, with R 2 /(χ 2 R) → 0 for t → −∞. On the other hand, the higher derivative terms will dominate the graviton propagator at non-zero momentum in the limit χ → 0, unless the coefficient of the squared Weyl tensor vanishes.
(5) It is directly visible that all particles become massless for t → −∞. This follows from the solution χ(t → −∞) → 0, given that in the primordial flat frame all particle masses are proportional to χ.
(6) Quantum scale symmetry is directly visible for t → −∞. Indeed, for χ → 0 the effective action in the primordial flat frame does not involve any parameter with dimension of mass or length. The choice of fields for the primordial flat frame is one for which the scale transformations are implemented in a simple manner.
(7) The quantum scale symmetry of the effective action allows for a direct connection to an ultraviolet fixed point for quantum gravity, as postulated for asymptotic safety [53, 54] . Fixpoints induce exact quantum scale symmetry [36] .
(8) From the point of view of the functional renormal-ization flow the choice of fields used for the primordial flat frame minimizes the dependence of the scaling solution on the renormalization scale k. For the scaling solution the dimensionless functions in the (average) effective action only depend on χ 2 /k 2 . If the limits χ → 0 and χ → ∞ do not diverge, the effective action becomes independent of k in these limits. One may also ask what one can learn from the comparison of different frames. The most important point in this respect is the focus on physical properties. They are formulated in the form of quantities that are, in principle, observable, at least by a "Gedankenexperiment". For the beginning epoch or inflationary epoch key properties are:
(i) The state of the Universe is a vacuum, characterized by expectation values of fields and fluctuations, as encoded in propagators. In the early stages propagating particles are extremely rare, and there is almost no entropy. Particles and entropy are created during the heating period after the end of inflation.
(ii) All particles are almost massless, and precisely massless in the infinite past. This property does not only concern the relativistic propagation of the rare particles, but also the relativistic form of the propagator and the associated primordial fluctuation spectrum.
(iii) The evolution in the early stages of the Universe is very slow in physical time. For the primordial flat frame both the relative change of the scalar fieldχ/χ, and the relative change of the scale factor, H =ȧ/a, go to zero for t → −∞. They define the inverse characteristic time scales. The change in geometry is even much slower than the change in the scalar field, Hχ/χ → 0 for t → −∞.
The physical properties of the inflationary epoch are the lightlike vacuum. In contrast to the view of a very tumultuous epoch we may call this stage the "great emptiness".
Appendix A. Cosmological solutions for the primordial flat frame for Starobinski inflation
In this appendix we discuss the field equations and their solution for the model (1),(2). The metric field equations derived from the action (1) read for a Robertson-Walter metric (R = 12H 2 + 6Ḣ)
and the scalar field equation is given by
Our aim is the investigation of possible solutions of the field equations (A1)-(A3) with a geometry close to flat space. For this purpose we first bring them into a suitable form. For χ = 0 we can insert eq. (A2) into eq. (A3),
Taking linear combinations, the two other field equations become
A similar form is found for eq. (A4),
For the solution of the field equations (A5)-(A7) for the type of models considered here we make the ansatz (χ = 0)
which impliesχ
The r.h.s. of eqs. (A5)-(A7) become
with
The functions h k and the functionc in eq. (A8) have to obey certain relations which are required by the selfconsistency of the field equations. We observe the relations
The consistency of the system of field equations therefore requires
Eq. (A15) is a first consistency relation.
From the first equation (A14) we infeṙ
Eqs. (A6), (A7) therefore impose the relation
Eq. (A18) is the second consistency relation.
Solutions with H = 0,Ḣ = 0 are approached for limits for which all h k χ 2 vanish. We are interested in solutions for which χ vanishes. The approach to a constant scale factor will require that the functions h k vanish fast enough for χ → 0. We consider models for which B vanishes in this limit, as for the model (2). Then the coefficient h 1 vanishes if for χ → 0 or x → 0 one has
The coefficients h 2 and h 3 also vanish in leading order if
Thus all h k go to zero if besides eq. (A19) one has
For the model (2) we are interested in χ 2 ≪ µ 2 /c t such that the term c t in the logarithm (2) can be neglected, and
For the model (2) one obtains
For x → 0 eq. (A21) is indeed obeyed. Since λ approaches a constant λ 0 ,c also goes to a constant. The solution of eq. (A8) for the scalar field reads
where δ remains bounded for t → −∞. In the infinite past for t → −∞ the scalar field vanishes ∼ [c(t 0 − t)] −1 . For a more detailed investigation of the solution for t → −∞ we parameterizec
This results inχ
replacing in the equation (A13) for h 3
If ∆ is a function of χ one has
We will find ∆ ≪ 1, such that the second term ∼ ∂ t ∆ in eq. (A28) can be neglected in leading order. Let us first look at the coefficients h k for ∆ = 0. They are all proportional to λ
Neglecting terms ∼ x 3 (including logarithms) one has
For ∆ = 0 the consistency condition (A15) is not met since
is of the order x 2 , while h 2 3 is of the order x 4 . We therefore need to include the effects of ∆ = 0.
We can employ the consistency condition for a determination of ∆. In leading order ∆ will be found to be of the order x 2 . It is therefore sufficient to include in h 1 and h 3 the leading order terms
The consistency condition (A15) fixes ∆ according to
We find that ∆(t) is indeed a function of χ(t) such that the approximations (A8), (A29) are valid. Furthermore, with h 2 3 ∼ x 4 only the contribution of δh k proportional to x 2 needs to be included in the leading terms for h k . Adding the terms (A36) one finds the leading contributions
Both h 1 and h 3 are positive for small x. For a check of the consistency condition (A38) forḢ we observe for ∆ approximated by the leading order term (A38) The terms ∼ x 3 are indeed identical for eqs. (A41) and (A42). For the terms ∼ x 4 one would have to include corrections ∼ x 3 in ∆.
We can now determine the Hubble parameter from eq. (A14)
For t → −∞ the Hubble parameter decreases to zero faster than χ since x goes to zero. Insertion of the leading expression (A25) for χ(t), neglecting δ and keeping only the dominant logarithmic term in eq. (A43) one finds
with a very slowly varying function
For an approximate solution for the scale factor a(t) we can neglect time derivatives of α(t). The solution of ∂ t ln a = H then reads
.
(A46)
In the infinite past for t → −∞ the scale factor approaches the constantā with an inverse logarithm
(A47)
The geometry becomes flat Minkowski space. Eq. (A45) specifies the function α(t) in eq. (5).
Appendix B.
General models with flat geometry in the infinite past
In this appendix we discuss a family of models for which the beginning epoch of the Universe is flat Minkowski space. They are based on an effective action for the metric and a scalar field containing no more than two derivatives. The Planck mass is given by the value of the scalar field χ. The kinetic term for χ has a negative coefficient, without introducing any ghost or tachyon instability. These models are analogous in some respects to models of "genesis" in higher derivative theories [11] [12] [13] [14] . We include in the discussion also scenarios where the curvature tensor vanishes in the infinite past, while the scale factor approaches zero instead of a non-zero constant.
For this purpose we consider the effective action (1) for variable gravity and discuss the solutions of the field equations (A1)-(A3) or (A5) -(A7). Different models are characterized by different functions λ(χ) and B(χ). We employ for small χ 2 the shorthand
and assume a class of models which admit for small χ or small x expansions of the type
For λ = λ 0 , B = b 0 exact scale symmetry is realized. The other terms in the expansion therefore indicate derivations from scale symmetry. With
one has
We want to investigate for which values of the coefficients in the expansion (B2) one can obtain Minkowski space as a solution of the field equations. This requires that the expressions f k in eqs. (A5)-(A7) vanish fast enough for x → 0. We first perform a systematic expansion in x. This computation will be rather tedious, since control over rather large powers of x is needed. The result will later be compared to the primordial flat frame condition which gives a much easier access.
We obtain small values of f 1 if the two terms in eq. (A5) cancelχ
(B5)
For the solution of the field equations we therefore make the ansatzχ 2 χ 4 = c 2 (1 + e 1 x + e 2 x 2 + e 3 x 3 ) =c 2 ,
andλ the leading term in the expansion (B2) for λ. For this ansatz we can emploÿ
orχ
in order to bring f 3 into a form similar to f 1 and f 2 . One obtains
Next we insert the ansatz (B6) in the coefficients
The leading term in λ is canceled byλ. For h 2 one has
We require that the highest power ∼λ is canceled as well. This requires
and further fixes b 1 as
We conclude that for modes of this type asymptotic flat space solutions exist only if B vanishes for χ → 0, and K = B − 6 is therefore negative. The leading coefficient of B(x) is fixed by the leading power of λ(x). For h 3 we employχ
and the observation that the leading term in ∂ ln(c 2 )/∂ ln(χ) is at most proportional to x. The leading order term in h 3 is therefore given by the negative leading order term of h 2 , and no new constraint arises from the vanishing of the leading term in h 3 .
The self-consistency of the three equations (A5) -(A7) can be expressed as a relation between the functions h k (x). The time derivativeḢ can be computed both from a linear combination of eqs. (A6),(A7) and from the time derivative of H 2 , which is a linear combination of eqs. (A5) and (A7). This results in the relation
We can therefore expressḢ aṡ
and infer the consistency relation
Let us concentrate onλ = λ 0 . Up to the order x 3 one has, withd k = d k /λ 0 ,
A similar expression for h 2 yields
where c (2)
Here we use the expression
For the remaining coefficient h 3 we use the relation (B10), which results in
Forλ = λ 0 one obtains the expression in order x 3 .
(B25) For models that admit an expansion (B2) with a 2 = a 1 = b 0 = b 1 = 0 the ansatz (B6) for the solution implies that the r.h.s. of the field equations (A5)-(A7) vanishes at least ∼ χ 2 x for χ → 0. Thus the Hubble parameter indeed vanishes in this limit. The asymptotic behavior of the scalar field for t → −∞ is given by the leading order term in the expression (B6),χ 2 = λ 0 χ 4 /3, or
For the last identity we have absorbed χ −1 0 in a shift of t 0 . The divergence of χ for t → t 0 is outside the range of validity of the approximation (B26).
For the Hubble parameter eq. (A7) implies
while from eq. (A5) one infers
The consistency of the two equations (B28)(B29) requires
For the leading order contribution one therefore has to require
For the terms linear in x in h 1 and h 3 one needs 3h 1 = 2h 3 . This fixes the coefficient e 1 for the solution as
In turn, eq. (B31) guarantees the consistency equation (B19) in leading order. The detailed behavior of geometry for t → −∞ depends on the power of x with which h 3 vanishes. Let us first discuss the case where for h 3 the term linear in x is different from zero
In this case one has
The Hubble parameter, and therefore the curvature scalar, vanish for t → −∞. The corresponding evolution of the scale factor a(t),
shows an inversely logarithmically vanishing scale factor a(t → −∞).
For a setting where the scale factor approaches a constant value for t → −∞ we consider the leading behavior
the scale factor approaches a constantā inversely logarith-
Geometry approaches Minkowski space with a constant scale factorā for t → −∞. We can identify α in eq. (5) with the constantg 3 . For achieving eq. (B36), the term ∼ x in h 3 has to vanish. With h 2 + h 3 being at most of the order x 2 the condition is met if the term ∼ x vanishes for h 2 . With eq. (B32) we therefore require
This determines the coefficient b 3 in terms ofd 1 andd 2 ,
It also implies for the solution (B6)
Comparing eq. (B29) with the square of eq. (B37) yields the constraint
Thus for the combination h 1 − 2h 3 /3 the terms ∼ x, ∼ x 2 and ∼ x 3 all have to vanish. The expansion reads
The terms ∼ x vanishes by virtue of eq. (B32). Inserting eq. (B41) into the constraint s (2) = 0 determines the coefficient e 2 for the solution (B6),
Similarly, the coefficient e 3 is determined by s (3) = 0. With h 1 − 2h 3 /3 of the order x 4 and h 3 of the order x 2 the consistency condition (B19) reads in the order x 2
The r.h.s. of eq. (B47) involves e 4 . For suitable coefficients e j in the expansion of the solution (B6) all consistency requirements are met. For t → −∞ the solution of the field equations (A5)-(A7) is indeed given by eq. (B6), with leading behavior (B26),(B37), and geometry approaching flat Minkowski space according to eq. (B38). The coefficientg 3 is found as
For the particular case
the coefficientg 3 vanishes. The Hubble parameter approaches zero for t → −∞ even faster than for eq. (B37). Combining eqs. (B46) and (B49) this is realized if the coefficients b k andd k obey an additional constraint. More generally, the closer the geometry is approximated by Minkowski space for large negative t, the more conditions on the coefficients of the expansions (B2) are needed. The existence of the solutions which approach flat Minkowski space in the infinite past requires various conditions, as given bz eqs. (B14),(B15), and (B32) forλ = λ 0 .
We may compare them with the condition for a primordial flat frame (15) . With our ansatz (B2) this condition reads
For B − 6 different from zero the term ∼ ∂B/∂x is subleading for x → 0, such that in leading order in x one has to require
For x → 0 the l.h.s. is a constant or smaller. This requires b 0 = 0 and the relations (B16) for b 1 . Expanding eq. (B50) in powers of x will lead to the constraints (B39). Indeed, forλ = λ 0 the first terms of an expansion of eq. (B50) in x yields with b 2 = −2d 1 the relation
Setting the term ∼ x 3 to zero yields the condition (B39). If the term ∼ x 4 also vanishes, one will find the condition that realizes the vanishing coefficientg 3 according to eq. (B49). Implementing the relation (B50) in a certain order in x is the most direct way of establishing the conditions that lead to a decay of the Hubble parameter to zero with a certain power of x.
The discussion for a different leading behaviorλ(x) can be performed in complete analogy. Minkowski space is approached in the infinite past if H or h 3 vanish at least ∼ x 2 , and therefore h 1 − 2h 3 /3 vanishes at least ∼ x 4 . These requirements again impose conditions on the coefficients of the expansion (B2). The most direct way of finding these constraints is given by the expansion of eq. (B50), which has to be adapted to the leading behaviorλ(x).
In summary, we have found a family of models for which geometry approaches Minkowski space in the infinite past. The cosmological solutions do not show any singularity. The models of this family all have B → 0 as t → −∞. The value B = 0 is the particular value for which the combination of curvature scalar term and scalar kinetic is invariant under conformal transformations, extending scale symmetry. For B = 0 the scalar ceases to be a propagating degree of freedom.
The particular choice of models which admit an expansion (B2) in inverse powers of ln(µ 2 /χ 2 ) may seem somewhat artificial at first sight. It is motivated by the observation that this type of model is obtained by expressing standard inflationary models in a different metric frame. For example, Starobinski inflation corresponds to a 2 = a 1 = b 0 = b 1 = 0 and
in lowest order. The higher order terms for the primordial flat frame for Starobinski inflation contain logarithms and do not admit the expansion (B2). For chaotic inflation with a quadratic potential V = b 2 M 2 σ 2 one has a 2 = b 0 = 0 and in lowest order a 1 = b, b 1 = 2. It seems likely that the particular logarithmic behavior (B1) is not crucial for models with primordial flat space. It will be sufficient that the condition (15) is obeyed with sufficient accuracy for some small quantity x(χ) that vanishes for χ → 0. This replaces the condition (B50) by
If C pf vanishes fast enough for x → 0 the geometry will become Minkowski space in the infinite past.
Appendix C. Chaotic inflation in the primordial flat frame
In this appendix we discuss in more detail the solutions of the field equations in the primordial flat frame for chaotic inflation. We remain in the leading order approximation for the constraint equation for the primordial flat frame. In this approximation we discuss the next to leading order of the solution for the time-dependence of the scalar field, and the associated evolution of geometry. One finds that the Hubble parameter and the curvature tensor vanish in the infinite past, while the scale factor approaches zero very slowly. Such a situation is close to Minkowski space, but exact Minkowski space is not reached in the infinite past. For a realization of Minkowski space in the infinite past one has to modify the field transformation in order to include next to leading order effects for the solution of the primordial flat frame constraint.
Let us start with the effective action
It contains up to two derivatives and has no instabilities as tachyons or ghosts despite a negative coefficient of the kinetic term. This model can be taken as a self-consistent model for all values of χ. In the region of small χ it yields the model (26) of sect. IV. For large χ one has a quadratic potential and vanishing B V = λχ 4 = bµ 2 χ 2 , B = 2µ 2 χ 2 .
The transition between the two regimes corresponds in the Einstein frame to the end of inflation. We will solve the field equations of this model in the vicinity of χ = 0.
In the Einstein frame this model is equivalent to chaotic inflation with a purely quadratic potential with mass term m 2 = bM 2 .
(C3)
The metric and canonical scalar field in the Einstein frame are given by
Insertion of the field transformations (C4) into the effective action (C1) yields the effective action in the Einstein frame
This is the action used for chaotic inflation. Early stages of inflation correspond to large σ/M and therefore to small χ/µ. Neglecting corrections ∼ χ 2 /µ 2 the field equations derived from the effective action (C1) can be brought to the form
The field equations have a simple asymptotic solution for t → −∞ where spacetime is flat, H = 0,Ḣ = 0, and χ approaches zero according to the implicit equation
where c increases logarithmically for χ → 0,
We will discuss the choice of the constant h later. It is subleading for χ → 0. For this solution one finds in leading order in an expansion in 1/ ln(µ/χ) the relation
such that for χ → 0 both f 1 and f 2 vanish and eqs. (C7),(C8) are obeyed for flat space.
As χ increases, geometry deviates from flat space. For a quantitative investigation we make the ansatz
Using ∂ ln c ∂ ln χ = − 1
we expand in powers of 1/ ln(µ/χ) and δ,δ. This yieldṡ
The scalar field equation (C6) becomes
where f 3 = −bχ 2 (2 + h) + 6cχ 2δ + χδ.
So far the quantities f 1 , f 2 , f 3 still involve the next to leading correction δ to the evolution of the scalar field. We therefore have to determine δ(t) For a solution of the field equation for δ we make the ansatz (with constant A) δ = Ab c .
This implies that the term χδ is subleading and can be neglected as compared to the other terms in f 3 , 
For t → −∞ the scale factor approaches zero very slowly a =ā [ln(bµ 2 (t 0 − t) 2 /3)] 1/6 .
For the effective action (C1), based on the field transformation (C4), the approach of the Hubble parameter to zero is not fast enough for achieving Minkowski space for t → −∞. While the evolution (C34) is very slow, the scale factor nevertheless decreases asymptotically to zero. Minkowski space remains, however, a rather good approximation for large time intervals. If one wants a formulation of the primordial flat frame for which Minkowski space is reached for t → −∞, one needs a solution of eq. (23) beyond the leading order (25) or (C4). In the language of appendix B the effective action (C1) corresponds toλ = b/x, B = 2x, a 1 = b, b 1 = 2. "Improving" the primordial flat frame by continuing the expansion in higher order in x will lead to solutions that approach Minkowski space in the infinite past.
Appendix D. Primordial flat frame for Starobinski inflation
In this appendix we establish the equivalence of Starobinski inflation with the variable gravity model discussed in sect. II and appendix A. For this purpose we solve eq. (46) in next to leading order. With the ansatz
one finds
In leading order f B and ∂f B /∂σ are proportional √ ε and eq. (D2) simplifies to
In this order the differential equation relatingσ and χ reads ∂σ ∂ ln χ
We introduce the shorthand 
in order to establish that C pf indeed vanishes up to terms ∼ W 4 . We observe that the integration constant c 0 only affects the relation between W and x. It drops out in the relation between W and χ. Setting c 0 = 0 we obtain the effective action (1),(2) discussed in sect. II. This establishes that this effective action corresponds to a particular choice of metric, namely the primordial flat frame, for Starobinski inflation.
Appendix E. Primordial flat frame for scaling solutions in quantum gravity
In this appendix we derive the effective action in the primordial flat frame for the scaling solutions (88)-(90) for the functional flow in quantum gravity. With the Weyl scaling (91) one obtains the effective action (1) with 
in accordance with eq. (12) forK = 1,F = M 2 , ψ = σ. More generally, we write
For the scaling solution the expressions of λ and B in terms of the dimensionless invariantρ are independent of k. Away from the scaling solution λ and B will additionally depend on some intrinsic mass scale. For a transformation to the primordial flat frame one needs to find the relationρ(χ) such that the condition (15) is satisfied
This can be written as a differential equation for B(ρ),
where we have assumed ∂ρ/∂ ln χ > 0. Let us take models with
With β =β ρ ,β = κ 0 2(2w 0 + ξρ)
(1 + c 1ρ ),
we have in lowest order ofρ
where b 1 > 0 is determined by
The solution with positive b 1 reads
where a = ξ w 0 −m 2 u 0 .
For κ 0 /w 0 > 0 the r.h.s. of eq. (E11) is positive if the minus sign applies in eq. (E12), and if a is positive. Positive a is therefore a necessary condition for the existence of the map to the primordial flat frame with positive ∂ρ/∂ ln χ.
We also have to require b 1 > 0. This is indeed the case. In the same leading approximation one has [8] C.
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